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1. Introduction

Levine [3] introduced the class of g-closed
sets in 1970 and M.K.R.S. Veerakumar[10]
introduced g*-closed sets in 1991. We have
introduced and studied g**-closed sets
[4],9**-compact modulo | spaces[5], g**-
Lindeloff spaces[7] in the year 2012. In this
paper pairwise g**-comapct spaces,
pairwise g**-countably compact spaces,
pairwise g**-Lindeloff spaces are defined
and their properties are investigated.

2. Preliminaries
Definition 2.1: A subset A of a topological
space(X, 1) is called

1) generalized closed (briefly g-
closed)[3] if cl(A) < U whenever A
c U and U is open in (X, 1).

2) generalized star closed (briefly g*-
closed)[10] if cl(A) < U whenever A
c U and U is g- open in (X, 7).

3) generalized star star closed (briefly
g**-closed)[4] if cl(A) < U
whenever A — U and U is g*- open
in (X, 1).

The class of g**-open sets of (X,r) is
denoted by G**O(X, 1)

Definition 2.2:[1] If X is a set and 11 and 12
are two topologies on X the triple (X, 11, 12)
is defined to be a bitopological space.

Definition 2.3:[2] A cover U of the
topological space (X,z,,7,)is said to be
pairwise open if U crur, and U
contains a non empty member of 11 and a
non empty member of T5.

Definition 2.4:[2] If each pairwise open
cover has a finite sub cover then the space is
said to be pairwise compact.

Definition 2.5:[2] If each pairwise open
cover has a countable sub cover then the
space is said to be pairwise Lindeloff.

Definition 2.6:[6] A topological space
(X,7) is said to be g**—multiplicative if
arbitrary intersection of g**—closed sets
isg**—closed. Equivalently arbitrary
union of g**—open setsis g**—open.

Definition 2.7:[7] A topological space
(X,7)is said to be g**-Lindelof if every
g**-open cover has a countable sub cover.
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Definition 2.8:[5] A collection{U_}, _, of

g**-open sets in X is said to be g**-open
cover of Xif X = U,

aelA

sub collection that also covers X. A subset
A of X is said to be g**-compact if every
g**-open covering of A contains a finite sub
collection that also covers A

Definition 2.10:[5] A subset A of a
topological space (X,z) is said to be g**-
countably compact if every countable g**-
open covering of A has a finite sub cover.

Definition 2.11:[9]Let A < ¢(X).Then A

is said to have finite intersection property
(in symbol FIP )if for every finite subfamily

{A}.,of A, QlAu Q.

Definition 2.12:[9] Let A < ¢(X).Then
A is said to have countable intersection
property (in symbol CIP) if for every
countable sub family {A}>,of A,

(EAi Q.

3. Pairwise g**-comapct, pairwise g**-
countably  compact, pairwise g**-
Lindeloff Spaces

Definition 3.1: A collection of subsets J in
the bitopological space (X,z,,7,)is called
pairwise g**-open cover if X < w U and

Ued
I G**O(X,7,) WG**O(X,7,)and
Jcontains a non empty member of
G**O(X,z;) and a non empty member of

G**0(X,z,).

Definition 3.2: A bitopological space
(X,7,,7,) is called pairwise g**-Lindeloff if
every pairwise g**-open cover
I={U,/ae}of X has a countable sub
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Definition 2.9:[5]A topological space
(X,7) is said to be g**-compact if every
g**-open covering of X contains a finite

collection SU,,i=123 of 3

such that X =§luai

Definition 3.3: A bitopological space
(X,7,,7,)is called pairwise g**-compact if
every pairwise g**-open cover
I={U,/ae}of X has a countable sub

collection {U,, ,i=123........... n}of 3 such

that X :E{Uai

Definition 3.4: A bitopological space
(X,7,,7,)is called pairwise g**-countably
compact if every countable pairwise g**-
open cover I={U_ /a € Q}of X has a finite

sub collection Uai,i:l,2,3 ............. nof3

such that X :_\_Jani

Theorem 3.5: Every pairwise g**-compact
space is pairwise g**-countably compact.
Proof is obvious.

Theorem 3.6: Every pairwise g**-compact
space is pairwise g**-Lindeloff.
Proof is obvious.

Theorem 3.7: Every pairwise g**-Lindeloff
space is pairwise Lindeloff.
Proof is obvious.

Theorem 3.8: Every pairwise g**-compact
space is pairwise compact.
Proof is obvious.

Theorem 3.9: Every pairwise g**-
countably compact space is pairwise
countably compact.

Proof is obvious.
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Theorem 3.10: X is pairwise g**-Lindeloff
and pairwise g**-countably compact implies
X is pairwise g**- compact.

Proof is obvious.

Theorem 3.11: Let(X,7,7,) be a
bitopological space. (X,z,)and(X,z,)be
g**-multiplicative. For each non-empty set
G in 7, and H inz,,
7,(H) ={p, X,V UH/V e G**O(X,7,)}an
d

7,(G) ={p, X,V UG/V e G**O(X,7,)}are
topologies in X.

Proof: Let {V,K UH}, ,be members of
7,(H)then

kaJ(Va UH)=(W,)UH ez, (H)(since

(X,7)is g**-multiplicative).Let
{v, UH}_ be members in z,(H). Then

_%1(\/i UH) = (~V,) UH ez,(H) Therefore

7,(H)is a topology in X. Similarly we can
prove t2(H) is a topology in X.

Theorem 3.12: Let(X,7,,7,) be a
bitopological space. (X,z;)and(X,z,)be
finitely g**-additive and g**-multiplicative.

Then the following statements are
equivalent:

1. (X,z,7,)Iis pairwise g**-compact.

2. For each non empty
G eG**O(X,r,)and
H eG**O(X,7,), (X,7,(H))and
(X,7,(G)) are compact.

3. Each g**-closed proper subset of
(X,7,)is g**-compact in (X,z,)and
each g**-closed proper subset of
(X,t2) is g**-compact in (X,7,).

Proof: 1=2: Let GeG**O(X,r;)and let
A be a open cover for (X,7,(G)). Then A
={GuU_ /U, eG**O(X,7,)}.Then
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Definition 3.10: Let V be a subset of the
bitopological ~ space  (X,z,,7,).Define
7, (V) ={p, X,U UV /U e}

Gu{U,_},.is a pirwise g**-open cover for
X. then there exists a finite subcover

G U{Q{U « ysuch that

(X,7,(G))is

compact. Similar ly (X,z,(H)) is compact.

2= 3:Let K be a proper g**-closed set in
(X,7;)then G=X-Kis g**-open in
(X,7,). Let {V_ }Dbe a g**-open cover for
(X,7,)then {G ULV, }, _,is a open cover for
(X,7,(G)).Then there exists
V, Yy, eV, SUCH that

X=G U{Q{U « - Therefore

X :le(G uvai)z(c;_@lvai) AX-G =u1V

That is K:ylvai.Therefore K is g**-

compact in (X,7,).

3=1:Let A be a pairwise g**-open cover
for X. Let r,-g**-open set in ‘A be
{U,/peQ}and r,-g**-open set in A be
{, lTaeQ,}.

Case 1: Let v V, = X.Choose

aeQ),

B, €€ such that
{V, laeQ,}is a r,-g**-open cover for z, -
g**-closed set X —U ,.By (3), there exists
V, Yy, sV, SUCH that

U, #@.Then

X-U, =V, . . X=uV, uU, .Hence
0 i=1 i=1 0

(X,7,,7,) is pairwise g**-compact.
Case 20  Let UV, # X.Therefore

aeQ,

K=X- uV,isa r,-g**-closed set (since

aeQ),
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(X,7,)is g**-multiplicative) in X and
KecuU,. By (3), there exists

Bey
UgpiUg U, such that
K= iszlUﬁi .Suppose X = iL=)lU 5 then

(X,7,,7,) Is pairwise g**-compact. Suppose

n k
X-uU, =uV, Then

i A e
n k

X :_ulU , u_ulva therefore  (X,7,,7,)is
i= ! = ”

pairwise g**-compact.

Theorem 3.13: Let(X,7,,7,) be a
bitopological space. (X,z;)and(X,z,)be
g**-multiplicative. Then the following
statements are equivalent:

1. (X,z,,7,)is pairwise g**-Lindeloff.

2. For each non empty
G eG**O(X,r,)and
H eG**0O(X,7,), (X,7;(H))and
(X,7,(G))are Lindeloff.

3. Each g**-closed proper subset of
(X,z;)is  g**-  Lindeloff in
(X,7,)and each g**-closed proper
subset of is g**- Lindeloff in
(X,7,).

Proof: Similar to the above proof.

Theorem 3.14: Let(X,7;,7,) be a
bitopological space. (X,z,)and(X,z,)be
g**-multiplicative. Then the following
statements are equivalent:

1. (X,7,,7,)is pairwise g**-countably
compact.

2. For each non empty
G eG**O(X,r,)and
H eG**O(X,7,), (X,7,(H))and
(X,7,(G))are countably compact.

3. Each g**-closed proper subset of
(X,7,)is g**- countably compact. in
(X,7,)and each g**-closed proper
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X #UU, then X—iL:)luﬂi is a proper

7, —g**closed set of X contained in UV, .

aeQ),

By (3), there existsV,V, ...V, such
that

subset of (X,7,) is g**- countably
compact. in (X,7,).
Proof: Similar to the proof of theorem
(3.12).
Theorem 3.15: Let(X,7,7,) be a
bitopological space. Then the following
statements are equivalent:
1. (X,zy,7,)Iis pairwise g**- compact.
2. For every family {F,6/oeQ}of
pairwise g**-closed sets such that

mQFa = ¢, there exists a finite sub

family {F, /i=12,........ n}such that
N F, =

3. For every family {F, /aeQ}of

pairwise g**-closed sets with FIP,
N F, #e.

aeQ)

Proof: 1=2:Let {F,/aeQ}be a family

of pairwise g**-closed sets such that

Qfa =9. Then the collection

{X-F,/laeQ}is a pairwise g**-open
cover of X. by (1), there exists a finite sub
collection {X -F, /i=12...n}such that

X = _gl(X —F, ). Therefore QFai = Q.

2=3:Let Let {F,/oeQ}be a family of

pairwise g**-closed sets with FIP. If
mQFa =¢@. By (2), there exists a finite sub

family {F, /1=12,..... n}such that
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n
N F, = @ which is a contradiction. Therefore

N F #o.
aeQa ¢

3=1l:Let U ={U,/axeQ}be a pairwise
g**-open cover of X. To prove ‘U has a
finite sub collection {U, /i=12........ n}such

that X IQJlU i.If not, then

{X-U_ laeQ}is a family of pairwise

Theorem 3.16: Let(X,7,,7,) be a

bitopological space. Then the following
statements are equivalent:

1. (X,7,,7,)is pairwise g**- Lindeloff.

2. For every family {F,/oeQ}of

pairwise g**-closed sets such that

mQFa = ¢, there exists a countable

sub family {F, /i=12,.......... n}such
that QFai = .

3. For every family {F,6/oeQ}of
pairwise g**-closed sets with CIP,
NF, .

ae)
Proof:Similar to the above proof.
Theorem 3.17: Let(X,7,7,) be a
bitopological space. Then the following
statements are equivalent:
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cover. Hence (X,z,,7,)is pairwise g**-
compact.

1. (X,z,,7,)Iis pairwise g**- countably
compact.
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